ABSTRACT. We provide a definition of Vafa-Witten invariants for projective surface Deligne-Mumford stacks, generalizing the construction of Tanaka-Thomas on the Vafa-Witten invariants for projective surfaces inspired by the S-duality conjecture. We give calculations for a root stack over a general type quintic surface, and quintic surfaces with ADE singularities. The relationship between the VafaWitten invariants of quintic surfaces with ADE singularities and the Vafa-Witten invariants of their crepant resolutions is also discussed.
In this paper we generalize the Tanaka-Thomas's Vafa-Witten invariants for projective surfaces [53] , [54] to two dimensional smooth Deligne-Mumford (DM) stacks.
1.1. Background. The motivation from physics is the S-duality conjecture, where by physical duality theory Vafa and Witten [59] predicted that the generating function of the Euler characteristic of the moduli space of stable coherent sheaves on projective surfaces should be modular forms. In history the S-duality is a rich conjecture, Kapustin-Witten [34] studied the reduction of the S-duality conjecture from projective surfaces to product of curves, thus to the Langland duality in number theory. In the mathematics side, the moduli space of solutions of the Vafa-Witten equation on a projective surface S has a partial compactification by Gieseker semistable Higgs pairs (E, φ) on S, where E is a coherent sheaf with rank rk ą 0, and φ P Hom S (E, E b K S ) is a section called a Higgs field.
The formula in [59] (for instance Formula (5.38) of [59] ) and some mathematical calculations as in [16] imply that the invariants in [59] may have other contributions except purely from the projective surfaces. In [53] , [54] Tanaka and Thomas defined the Vafa-Witten invariants using the moduli space N of Gieseker semi-stable Higgs pairs (E, φ) on S with topological data (rk = rank, c 1 (E), c 2 (E)). By spectral theory, the moduli space N of Gieseker semi-stable Higgs pairs (E, φ) on S is isomorphic to the moduli space of Gieseker semi-stable torsion sheaves E φ on the total space X := Tot(K S ). In the case the semistability and stability coincides, since X is a smooth Calabi-Yau threefold, the moduli space N admits a symmetric obstruction theory in [4] . Therefore there exists a dimension zero virtual fundamental cycle [N ] vir P H 0 (N ). The moduli space N is not compact, but it admits a C˚-action induced by the C˚-action on X by scaling the fibres of X Ñ S. The C˚-fixed locus N C˚i s compact, then from [12] , N C˚i nherits a perfect obstruction theory from N and Tanaka-Thomas [53] define the virtual localized invariant By the property of the obstruction sheaf this invariants Ą VW(S) is zero unless H 0,1 (S) = H 0,2 (S) = 0. As mentioned in [53] , most of the surfaces satisfying the condition satisfy a vanishing theorem such that the invariants are just the signed Euler characteristic of the moduli space of stable sheaves on S. The right invariants are defined by using the moduli space N K L of Higgs pairs with fixed determinant L P Pic(S) and trace-free φ. Tanaka-Thomas have carefully studied the deformation and obstruction theory of the Higgs pairs instead of using the ones for sheaves, and constructed a symmetric obstruction theory on N K L . The space N K L still admits a C˚-action, therefore inherits a perfect obstruction theory on the 
.
This corresponds to the SU(rk) gauge group in Gauge theory. They did explicit calculations for some surfaces of general type in [53, §8] and verified some part of Formula (5.38) in [59] . Since for such general type surfaces, the C˚-fixed loci contain components such that the Higgs fields are non-zero, there are really contributions from the threefolds to the Vafa-Witten invariants. This is the first time that the threefold contributions are made for the Vafa-Witten invariants. Some calculations and the refined version of the Vafa-Witten invariants have been studied in [56] , [41] , [16] , [37] . [32] by taking the dual of the associated vector field v given by the C˚-action. The degenerate locus is the fixed locus (N K L ) C˚, therefore there exists a cosection localized virtual cycle
as proved in [24] , [25] . Tanaka-Thomas proved that in the case deg K S ă 0 and the case that S is a K3 surface, VW(S) = vw(S). They also prove their corresponding generalized Vafa-Witten invariants in [29] also agree, see [54] for the Fano case and [41] for the K3 surface case.
1.3. Motivation for surface DM stacks. The S-duality conjecture is interesting for surfaces with orbifold singularities. In [59] , Vafa-Witten discussed the ALE spaces, which are hyperkahler four manifolds and crepant resolutions of the orbifold C 2 /G with G Ă SU(2) a finite subgroup in SU (2) corresponding to ADE Dykin diagrams. It is interesting to directly study the Vafa-Witten invariants for such two dimensional DM stacks. On the other hand, the crepant resolution conjecture in both Gromov-Witten theory [49] , [6] and Donaldson-Thomas theory [9] has been attracted a lot of interests in the past ten years. Given an local orbifold X = [C 3 /G] for G Ă SU (2) , Bryan-Young formulated the crepant resolution conjecture for the generating function of the Donaldson-Thomas invariants for X and their crepant resolutions which are G-Hilbert schemes. The conjecture can be explained as wall crossing formula of the counting invariants in the derived category of coherent sheaves corresponding to different Bridgeland stability conditions. A lot of progress has been made to prove this conjecture, for instance [11] , [8] , [58] , [26] . It is interesting to study the Vafa-Witten invariants and the generalized Vafa-Witten invariants for orbifolds via wall crossing techniques of Joyce-Song and Bridgeland. In such a situation, the invariants vw seem to be more suitable to be put into the wall crossing formula, and we leave it as a future work.
Finally our study of the Vafa-Witten invariants for surface DM stacks is motivated by the S-duality conjecture and Langlands duality in [34] . TanakaThomas [53] , [54] studied the SU(rk)-Vafa-Witten invariants with gauge group SU(rk). Since the Langlands dual group of SU(rk) is SU(rk)/Z rk , one hopes that the study of the Vafa-Witten invariants for orbifold surfaces will be related to the SU(rk)/Z rk -Vafa-Witten invariants. In particular, one has SU(2)/Z 2 -SO(3), so the SU(2)-Vafa-Witten invariants for a global quotient surface DM stack [S/Z 2 ] is related to the SO(3)-Vafa-Witten invariants for S. This should be related to the SO(3)-Donaldson invariants for the surface S, see [33] , [15] , [42] .
1.4. The moduli space of Higgs pairs on surface DM stacks. Let S be a smooth two dimensional DM stack, which we call it "a surface DM stack". The moduli space of stable coherent sheaves with a fixed Hilbert polynomial H P Q[m] has been constructed by F. Nironi [44] . In [44] , to define suitable Hilbert polynomials the author picked up a generating sheaf Ξ for S and defined the modified Hilbert polynomial associated with this generating sheaf. Let p : S Ñ S be the morphism to its coarse moduli space. A locally free sheaf Ξ on S is p-very ample if for every geometric point of S the representation of the stabilizer group at that point contains every irreducible representation. We define Ξ as a generating sheaf of S. The readers may understand that the generating sheaf is introduced to deal with some stacky issues and in order not to loose stacky information like finite group gerbes over schemes.
Let us fix a polarization O S (1) on the coarse moduli space. Choose a generating sheaf Ξ, and for a coherent sheaf E on S, the modified Hilbert polynomial is defind by:
Then we can write down
where d = dim(E) is the dimension of the sheaf E. The reduced Hilbert polynomial for pure sheaves, and we will denote it by h Ξ (E); is the monic polynomial with rational coefficients
. Then let E be a pure coherent sheaf, it is semistable if for every proper subsheaf F Ă E we have h Ξ (F) ď h Ξ (E) and it is stable if the same is true with a strict inequality. Then fixing a modified Hilbert polynomial H, the moduli stack of semistable coherent sheaves M := M Ξ H on S is constructed in [44] . If the stability and semistability coincide, the coarse moduli space M is a projective scheme.
Our goal is to study the moduli stack of Higgs pairs (E, φ) on S, where E is a torsion free coherent sheaf with rank rk ą 0 and φ P Hom(E, E b K S ) is a Higgs field. The Hilbert polynomial h Ξ (E) can be similarly defined by choosing a generating sheaf Ξ for S. Then (E, φ) is semistable if for every proper φ-invariant subsheaf F Ă E we have h Ξ (F) ď h Ξ (E). Let N := N H be the moduli stack of stable Higgs pairs on S with modified Hilbert polynomial H. Let X := Tot(K S ) be the canonical line bundle of S, then X is a smooth CalabiYau threefold DM stack. By spectrual theory, the category of Higgs pairs on S is equivalent to the category of torsion sheaves E φ on X supporting on S Ă X . Let π : X Ñ S be the projection, then the bullback π˚Ξ is a generating sheaf for X . One can take a projectivization X = Proj(K S ' O S ), and consider the moduli space of stable torsion sheaves on X with modified Hilbert polynomial H. The open part that is supported on the zero section S is isomorphic to the moduli stack of stable Higgs pairs N on S with modified Hilbert polynomial H.
Perfect obstruction theory and the Vafa-Witten invariants.
To construct the perfect obstruction theory, we also take the moduli space N K L of stable Higgs pairs (E, φ) with fixed determinant L and trace-free on φ. For a Higgs pair (E, φ) on S, and the associated torsion sheaf E φ on X , the deformation and obstruction of E φ are also controlled by Ext
X (E φ , E φ ) respectively; and also we have an exact triangle
relating the deformation and obstruction theory to the Higgs pairs (E, φ). We found that all the arguments as in [53, §5] works for smooth DM stacks S. We write down some parts in the appendix for S, and for the more precise details we refer to [53, §5] . Therefore N K L also admits a symmetric obstruction theory and the C˚acts on N K L with compact fixed loci, we define
Also we have the Behrend function in this case and
is the weighted Euler characteristic.
1.6. Calculations. For surface DM stacks, the essential part is to calculate the Vafa-Witten invariants for some examples to see if one can get different phenomenon comparing with the smooth projective surfaces. First the moduli space N K L admits a C˚-action induced by the C˚-action on the total space X of the canonical line bundle K S . There are two type of C˚-fixed loci on N K L . The first one corresponds to the C˚-fixed Higgs pairs (E, φ) such that the Higgs fields φ = 0. Hence the fixed locus is just the moduli space M L (S) of stable torsion free sheaves E on S. This is called the Instanton Branch as in [53] . The second type corresponds to C˚-fixed Higgs pairs (E, φ) such that the Higgs fields φ ‰ 0. This case mostly happens when the surfaces S are general type, and this component is called the Monopole branch. See §3.5 for more details.
We include a short calculation for P := P(1, 1, 2), the weighted projective plane with only one stacky point [0, 0, 1] P P(1, 1, 2). The local orbifold structure around this point is given by type
The inertia stack IP = P \ P(2), where P(2) = Bµ 2 corresponds to the nontrivial element ζ P µ 2 . We can choose generating sheaf Ξ = O P ' O P (1) . The moduli space of stable torsion free sheaves can be studied by toric method in [13] . In this case the vanishing theorem as in Proposition 3.6 shows that VW(P) is just the signed virtual Euler number. Moreover since K P ă 0, the obstruction sheaf Ext 2 (E, E) 0 = 0 and the moduli space M L is smooth so VW(P) = vw(P) =
is the signed Euler number. Since when fixing a K-group class in K 0 (P), the Hilbert polynomial is fixed. We introduce orbifold Chern character Ă Ch : K 0 (P) Ñ H˚(IP) by taking values in the Chen-Ruan orbifold cohomology and let Ă Ch = ( Ă Ch 1 , Ă Ch ζ ) be the components. We use the notation of codegree
as in (4.1.7). Here P g = P if g = 1 and 
where
and here
and θ 3 is the Jacobi theta function and η(q) is the Dedekind eta function.
From [13] , the second part of (1.6.1) is a holomorphic part of a modular form. For any ∆ ą 0, let H(∆) be the number of (equivalence classes of) positive definite integer binary quadratic forms AX 2 + BXY + CY 2 with discriminant B 2´4 AC = ∆ and weighted by the size by the following: forms equivalent to λ(X 2 + Y 2 ) and λ(X 2 + XY + Y 2 ) are counted with weights 1/2 and 1/3 respectively. Then Theorem 1.2 of [13] tells us that the sum in (1.6.1) is:
if n is even, where σ 0 (n) is the sum of divisors function. They are the holomorphic part of a modular form. We also perform calculations in the rank rk = 2 case for a r-th root stack S over a general type quintic surface S along a smooth divisor C P |K S |; and quintic surfaces S with ADE isolated singularities. The calculations are for the second type C˚-fixed components such that in the fixed loci (E, φ) P M (2) the Higgs field φ ‰ 0. The fixed loci M (2) is expressed as union of nested Hilbert schemes, see Proposition 4.3, and Proposition 4.12.
In the first special case that one ideal sheaf is the structure sheaf, the nested Hilbert scheme is just the Hilbert scheme of points on the surface DM stack S with fixed K-group class c P K 0 (S). We do the calculations for such Hilbert schemes on orbifolds and get the same results as in [53, Proposition 8.22 , §8.5], see Theorem 4.10 and Theorem 4.13. The reason for the r-th root stack S is not known for the authors, just from calculation.
Let S be a quintic orbifold surface with isolated ADE singularities P 1 ,¨¨¨, P s . The reason that the calculation results from the component of Hilbert scheme of points for such S are the same as in [53, §8.5] may be explained as deformation invariance since smooth quintic surfaces can be deformed into quintic surfaces with ADE isolated singularities. The canonical line bundle K S for S will have trivial G i representation around any isolated ADE singularity point P i so that locally S is isomorphic to [C 2 /G i ]. This can be taken as the other reason for the equality of the results as in [53, §8.5] since the canonical divisor curve C P |K S | will not touch the isolated singular points P 1 ,¨¨¨, P s . We also do a second special case calculations for the nested Hilbert schemes for S with ADE isolated singularities, and this time the result of the integral is different from [53, §8.7] .
Finally we discuss the relation of the Vafa-Witten invariants of a quintic orbifold surface with ADE singularities and their crepant resolutions.
1.7. Related and future research. As we have already pointed out, our research for the Vafa-Witten invariants for surface DM stacks is definitely motivated by the beautiful work of Tanaka-Thomas [53] , [54] . Our original motivation is to expect that surface DM stacks can give different phenomenon for the invariants. As mentioned earlier, it is interesting to define generalized invariants vw as in [54] and study the wall-crossing formula of Joyce-Song, and we leave this as a future research.
Let S be a projective surface with isolated ADE type singularities. It is interesting to calculate the Vafa-Witten invariants using the techniques developed in [14] , and compare with the Vafa-Witten invariants with its crepant resolution r S. In particular, if S is a smooth projective K3 surface, and let [S/µ N ] be the quotient stack, where µ N is a cyclic group of order N acting as symplectic automorphisms on S. From [20] , the action only has finite isolated rational double points singularities and its crepant resolution is a smooth K3 surface. It is interesting to study the Vafa-Witten invariants of the quotient stack [S/µ N ] and compare with the Vafa-Witten invariants for S calculated in [54] . We leave these as future projects too.
We want to make an extra effort to the r-th root stacks on surfaces. Let [40] . In [27] we expect that the same result holds for moduli space of Higgs pairs (E, φ). Parabolic stable sheaves on (S, D) has some relations with the S-duality conjecture, which has been studied by Kapranov [31] , and we hope to put into the Vafa-Witten invariants in this situation for the S-duality theory of Kapranov.
1.8. Outline. The paper is organized as follows. We review the construction of the moduli space of semistable sheaves and the moduli space of Higgs sheaves on a surface DM stack S in §2, where in §2.1 we recall the basic properties of surface DM stacks and give several interesting examples; and in §2.2 we study the moduli construction of stable sheaves and stable Higgs pairs on a smooth projective DM stacks S. We work on the deformation theory of Higgs pairs on S in §3 and define the Vafa-Witten invariants VW on a surface DM stack S by the obstruction theory constructed in the Appendix. In §4 we do the main calculations on the surface DM stacks, where in §4.1 we calculate the case of the r-th root stack S over a smooth quintic surface S; and in 4.2 we deal with the quintic surfaces with ADE singularities.
1.9. Convention. We work over C throughout of the paper. For a surface DM stack S, we mean a smooth two dimensional Deligne-Mumford stack over C. Let us fix some notations. We always use Roman letter E to represent a coherent sheaf on a projective DM stack or a surface DM stack S, and use curl latter E to represent the sheaves on the total space Tot(L) of a line bundle L over S.
We reserve rk for the rank of the torsion free coherent sheaves E, and use r a (S, C) for the r-th root stack associated with the pair (S, C) for a smooth projective surface and C Ă S a smooth connected divisor. Gholampour The objects in the category underlying IX is: 
For instance let X = [M/G] be the global quotient DM stack. Then I = t(g)|g P Gu, where (g) is the conjugacy class. The inertia stack
where M g is the g fixed locus of M and C(g) is the centralizer of g.
Surface DM stack examples Throughout of the paper we let S be a smooth two dimensional DM stack, which we call a "surface DM stack". We review some interesting examples of surface DM stacks. [20] . The classification of finite order symplectic automorphisms of S gives abelian group actions on S. Let G be such a finite abelian group, then the quotient stack S := [S/G] is a orbifold K3 surface, and from [20] , there are only finite isolated stacky points in S, which are rational double points. A list of the number of fixed points and the corresponding finite abelian groups can be found in [20 The global Torelli theorem tells us that the symplectic automorphism g is uniquely determined by its induced action on H 2 (S, Z). By [20] the action of g on the abstract lattice H 2 (S, Z) depends up to an orthogonal transformation of the lattice only on the order |g|. Let U = 0 1 1 0 denote by the hyperbolic lattice.
Recall that
The invariant lattice with respect to g is
The coinvariant lattice of g is the orthogonal complement of the invariant lattice:
In the case of Nikulin involution S := [S/µ 2 ]. The action of the generator g P µ 2 on Λ is trivial on U 3 and interchanges the two copies of E 8 (´1). The invariant and co-invariant lattices are
where E 8 (´2) represents for the diagonal and the anti-diagonal in E 8 (´1) 2 respectively. These invariants of lattices played an important role for the study of Donaldson-Thomas invariants of (SˆE)/G in [7] , where E is an elliptic curve with trivial G action, and the authors called it a CHL Calabi-Yau threefold. We hope that the invariant lattice and co-invariant lattice play a role in the calculation of Vafa-Witten invariants.
2.1.3.
Quintic surfaces with ADE singularities. Let S Ă P 3 be a smooth quintic surface. Then S is a Horikava surface with invariants
These are the simple case of surface of general type. The moduli space of Horikava surfaces with invariants (2.1.1) is very complicated. From [19] , [18] , the moduli space of quintic surfaces forms an irreducible component of the moduli space of general type surfaces with invariants (2.1.1), where there are two irreducible components for the moduli space. The complete KSBA [35] , [1] moduli of the quintic surface is still unknown, see [47] for some construction of boundary divisors. The component containing smooth quintic surfaces in P 3 has some quintic surfaces with at worst ordinary double point singularities, which are classified by ADE-singularities:
We can take such quintic surfaces as DM stacks, with the singular points p by ADE type finite subgroups in SU (2) 
Then (S, p 1 ,¨¨¨, p l ) is a surface DM stack with stacky points p 1 ,¨¨¨, p l . As in [57] , [17] , the Hilbert scheme of points on such surface DM stacks S are studied and the generating function of the Euler characteristic of the Hilbert scheme has been calculated directly in [17] , and by wall crossing in [57] motivated by S-duality. We will see later in [27] , that the their calculations can go into the invariants vw for such DM stacks. Smooth quintic surfaces provide examples in the last section of [53] , where they did explicit calculations for the Vafa-Witten invariants. 
Then P(a, b, c) is the weighted projective stack. These are interesting surface DM stacks such that their canonical line bundles are negative. For instance P(2, 2, 2) is a µ 2 -gerbe over P 2 with canonical line bundle O(´6).
The moduli space of stable torsion free sheaves on P(a, b, c) has been studied in [13] . The formula calculated there is also related to the S-duality, therefore to the Vafa-Witten invariants of such DM stacks.
2.1.5. Root stacks. Root stacks provide a class of interesting DM stacks whose construction is obtained by taking the roots of line bundles with sections. In [27] we will study the small Vafa-Witten invariants for root stacks and their relations to S-duality conjecture.
Let S be a smooth projective surface, and D Ă S be a smooth or simple normal crossing divisor. Fix an integer r ě 1, the root stack S := r a (S, D) is constructed in [10] . Let O S (D) be the line bundle associated with X. Recall that there is an equivalence of categories between the category of line bundles over S and the category of morphisms S Ñ BG m . Also there is an equivalence between the category of (L, s) with L a line bundle on S and s a global section on L, and the category of morphisms
where G m acts on A 1 by multiplication, see [45, Example 5.13] .
be the morphism of stacks given by the morphism
We call S = For example, the weighted projective stack P(1, r, r) in Section 2.1.4 is a root stack by taking the r-th root construction on P 2 with divisor P 1 Ă P 2 .
2.2.
Moduli space of semistable sheaves on surface DM stacks. In this section we review the construction of the moduli space of semistable sheaves and the moduli space of stable Higgs sheaves (E, φ) on a projective DM stack S. The construction of the moduli space was studied by F. Nironi [44] .
Generating sheaf and the modified Hilbert polynomial.
Let S be a smooth projective scheme. Recall that to define the Hilbert polynomial H on S we need a polarization O S (1). In the case of a smooth DM stack S, one can choose the polarization O S (1) on its coarse moduli space p : S Ñ S. However, there are no very ample invertible sheaves on a stack. We need to loose the condition to choose some locally free sheaves on S so that they behave like very ample sheaves. This is the notion of generating sheaves in [45] .
Definition 2.5. A locally free sheaf Ξ on S is p-very ample if for every geometric point of S the representation of the stabilizer group at that point contains every irreducible representation of the stabilizer group.
Definition 2.6. Let Ξ be a locally free sheaf on S. We define a functor So later we will use the p-very ampleness to define generating sheaves.
2.2.2.
Gieseker stability and the moduli space by F. Nironi. Let us fix again p : S Ñ S a smooth DM stack and the map to its coarse moduli space S. Let O S (1) be the very ample invertible sheaf on S, and Ξ a generating sheaf on S. We call the pair (Ξ, O S (1)) a polarization of S. So for any coherent sheaf F, we have the torsion filtration:
Definition 2.10. Let F be a coherent sheaf on S, we define the support of F to be the closed substack associated with the ideal
Let us define the Gieseker stability condition:
Definition 2.12. The modified Hilbert polynomial of a coherent sheaf F on S is defined as:
Remark 2.13.
(1) Let F be of dimension d, then we can write: 
We call F stable if ď is replaced by ă in the above inequality.
Definition 2.16. We define the slope of F by
µ Ξ (F) = α Ξ,d´1 (F) α Ξ,d (F) .
Then F is semistable if for every proper subsheaf F
We call F stable if ď is replaced by ă in the above inequality. 
Let us fix a polarization (Ξ, O S (1)) on S, and a modified Hilbert polynomial H. We define the moduli functor 
The kernels and cokernels of f and f b id define the kernel and cokernel Higgs pairs. Hence the L-Higgs pairs form an abelian category.
Let 's prove the equivalence. The morphism π : X Ñ S is also affine in the category of DM stacks. It is still true that π˚, taken as a functor, is an equivalence between the category of coherent O X -modules and the abelian category of π˚(O X )-modules on S, for example see [50] . One can see this locally that S behaves like a quotient [V/G] for V -C 2 and G a finite group scheme acting on V, the the morphism π :
Then in this case
where we take η as the tautological section of π˚L which is linear on the fibres and cuts out the zero section S Ă X . The sheaves E on X are equivalent to sheaves of modules π˚E over π˚O X .
Still (2.3.2) is generated by O S and L´1η, so a module over π˚O X is equivalent to an O S -module E together with a commuting action of L´1¨η, i.e. an O S -linear map
Thus we get an L-Higgs pair
On the other hand, given a Higgs pair (E, φ) we get an action of L´i¨η by
We sum over al i and get an action of π˚O X on E. We denote by E φ for this sheaf. This defines a functor from Higg L (S) 
We define the moduli functor of Higgs pairs as: 
Then N is also represented by a GIT quotient stack with coarse moduli space a quasi-projective scheme. We see this from the following: First consider the diagram:
where p are the morphisms from the DM stacks to their coarse moduli spaces, and π are the morphisms from the line bundles to the base. Proof. From the equivalence (2.3.1), the φ-invariant subsheaves F Ă E are equivalent to subsheaves F Ă E φ on X . We also have
So the Gieseker stability in Definition 2.19 is equivalent to
for all proper subsheaves F Ă E φ . This is the Gieseker stability of the torsion sheaves on X with respect to π˚Ξ and π˚O S (1). 
DEFORMATION THEORY AND THE VAFA-WITTEN INVARIANTS
Fix π : X := Tot(L) Ñ S, the projection from the total space of the line bundle L to S. Then from the spectral theory a coherent sheaf E on X is equivalent to a π˚O X = À iě0 L´iη i -module, where η is the tautological section of π˚L. From [53, §2.2], given a Higgs pair (E, φ), we have the torsion sheaf E φ of X supported on S. E φ is generated by its sections down on π and we have a natural surjective morphism
with kernel π˚(E b L´1) as in Proposition 2.11 of [53] . All the arguments in [53, Proposition 2.11] work for smooth DM stack S and X . The reason is that since π˚η = φ, π˚E is divided by the minimal submodule to make sure η acts as π˚φ on the quotient, hence we have E φ .
3.1. Deformation theory. The deformation of E on X is governed by ExtX (E , E ), while the Higgs pair (E, φ) is governed by the cohomology groups of the total complex
By some homological algebra proof as in [53, Proposition 2.14], we have the exact triangle:
Taking cohomology of (3.1.1) we get
hich relates the automorphisms, deformations and obstructions of E φ to those of (E, φ).
3.2.
Families and the moduli space. Let S Ñ B be a family of surface DM stacks S, i.e., a smooth projective morphism with the fibre surface DM stack, and let X Ñ B be the total space of the a line bundle L = K S /B .
Let N H denote the moduli space of Gieseker stable Higgs pairs on the fibre of S Ñ B with fixed rank r ą 0 and Hilbert polynomial H (a fixed generating sheaf G).
We pick a (twisted by the C˚-action) universal sheaf E over NˆB X . We use the same π to represent the projection π : X Ñ S; π : NˆB X Ñ NˆB S.
Since E is flat over N and π is affine, E := π˚E on NˆB S is flat over N . E is also coherent because it can be seen locally on N . Therefore it defines a classifying map:
where M is the moduli stack of coherent sheaves on the fibre of S Ñ B with Hilbert polynomial H. For simplicity, we use the same E over MˆS and E = Π˚E on NˆS. Let p X : NˆB X Ñ N ; p S : NˆB S Ñ N be the projections. Then (3.1.1) becomes:
Let L = K S /B and taking the relative Serre dual of the above exact triangle we get Proof. We check that the right hand arrow is the same as in (3.2.1), since the left hand arrow is already. Look at the diagram:
The horizontal morphisms intertwine the vertical pairs given by cup product and trace. The morphism B is the coboundary morphism of (3.2.1), which is the cup product with the canonical extension class
the result can be seen from the two pairings:
, which is the dualizing complex of π. All these work for smooth DM stacks X and π : X Ñ S. 
where (´) 0 denotes the trace-free Homs. The RH om p X (E , E ) K is the co-cone of the middle column. It will provide the symmetric obstruction theory of the moduli space N K L of stable trace free fixed determinant Higgs pairs.
3.3. The U(rk) Vafa-Witten invaraints. From Proposition 3.1, in the appendix we review that the truncation τ [´1,0] RH om p X (E , E ) defines a symmetric perfect obstruction theory on the moduli space N . The total space X = Tot(K S ) Ñ S admits a C˚-action which has weight one on the fibres. The obstruction theory in (A.1.7) in the Appendix is naturally C˚-equivariant. From [12] , the C˚-fixed locus N C˚i nherits a perfect obstruction theory
y taking the fixed part of (A.1.7). Therefore it induces a virtual fundamental cycle
The virtual normal bundle is given
which is the derived dual of the moving part of (A.1.7).
Consider the localized invariant ż Then moduli space N K L of stable Higgs sheaves (E, φ) with det(E) = L and tracefree φ P Hom(E, E b K S ) 0 admits a symmetric obstruction theory 
where t´1 represents the moving part of the C˚-action. Then the C˚-action induces a perfect obstruction theory
ere we assume r and s are the ranks of E´1 and E 0 respectively, and r´s is the virtual dimension of M L := M L,H . By the virtual dimension consideration, only t 0 coefficient contributes and we may let t = 1, so ż
This is the signed virtual Euler number of Ciocan-Fontanine-Kapranov/FantechiGöttsche. where ker φ and Im φ are φ-invariant, so for the generating sheaf Ξ, Gieseker stability gives:
for n ąą 0. So either φ = 0 or φ is an isomorphism. But φ is C˚-fixed and it has determinant zero, it can not be an isomorphism.
Also we have: Proof. This is the same as Proposition 3.6.
3.5.2.
The second fixed locus φ ‰ 0. The second component M (2) corresponds to the Higgs fields φ ‰ 0. Let (E, φ) be a C˚-fixed stable Higgs pair. Since the C˚-fixed stable sheaves E φ are simple, we use [36, Proposition 4.4], [13] to make this stable sheaf C˚-equivariant. The cocycle condition in the C˚-equivariant definition for the Higgs pair (E, φ) corresponds to a C˚-action
With respect to the C˚-action on E, it splits into a direct sum of eigenvalue subsheaves
where E i is the weight space such that t has by t i , i.e., ψ t = diag(t i ). The action acts on the Higgs field with weight one by (3.5.2). Also for a Higgs pair (E, φ), if a C˚-action on E induces weight one action on φ, then it is a fixed point of the C˚-action.
Since the C˚-action on the canonical line bundle K S has weight´1, φ decreases the weights, and it maps the lowest weight torsion subsheaf to zero, hence zero by stability. So each E i is torsion free and have rank ą 0. Thus φ acts blockwise through morphisms
These are flags of torsion-free sheaves on S, see [53] .
In the case that E i has rank 1, they are twisted by line bundles, and φ i defining nesting of ideals. Then this is the nested Hilbert scheme on S. Very little is known of nested Hilbert schemes for surface DM stacks.
CALCULATIONS
In this section we do some calculations on two type of general type surface DM stacks, one is for a r-root stack over a smooth quintic surface, and the other is for quintic surface with ADE singularities. 
be the root stack associated with the divisor C. One can take S = r a (S, C) as the r-th root stack associated with the line bundle O S (C). Let p : S Ñ S be the projection to its coarse moduli space S, and let
C := p´1(C).
We still use p : C Ñ C to represent the projection and it is a µ r -gerbe over C. The canonical line bundle K S satisfies the formula
Recall that X = Tot(K S ), and X := Tot(K S ), and let π : X Ñ S; π : X Ñ S be the projection. We pick the generating sheaf "Ξ = ' [24] .
Remark 4.1. For the choice of the generating sheaf Ξ, the modified Hilbert polynomial H of torsion free sheaves on S corresponds to the parabolic Hilbert polynomial H for parabolic sheaves on (S, C). The moduli space of stable sheaves with modified Hilbert polynomial H is actually isomorphic to the moduli space of stable parabolic sheaves on (S, C) with parabolic Hilbert polynomial H defined in [40]. The moduli space of stable Higgs sheaves on S with modified Hilbert polynomial H is also isomorphic to the moduli space of parabolic stable Higgs sheaves on (S, C) with Hilbert polynomial H, see

The perfect obstruction theory constructed in the Appendix actually implies that there exists a perfect obstruction theory on the moduli space of stable sheaves with modified Hilbert polynomial H. Therefore there exists a perfect obstruction theory on the moduli space of stable parabolic sheaves on (S, C). One can study the perfect obstruction theory and the corresponding defining invariants for parabolic sheaves on (S, C) by sheaves on the root stack S.
C˚-fixed Higgs pairs on M (2)
. The C˚acts on X by scaling the fibres of X Ñ S. Let (E, φ) be a C˚-fixed rank 2 Higgs pair with fixed determinant L = K S in the second component M (2) in §3.5.2. Then since all the E i have rank bigger than zero,
Without loss of generality, we may let E = E 0 ' E´1 since tensoring E by t´i E i goes to E 0 , where t is the standard one dimensional C˚-representation of weight one. Then considering φ as a weight zero element of Hom(E, E b K S ) b t, we have E = E 0 ' E´1, and φ = 0 0 ι 0 for some ι : E 0 Ñ E´1 b K S b t. Then E´1 ã Ñ E is a φ-invariant subsheaf, and by semistability (Gieseker stable implies µ-semistable) we have
The existence of the nonzero map Φ : E 0 Ñ E´1 b K S implies:
Lemma 4.2. The inequality (4.1.2) implies that
Proof. Since the generating sheaf Ξ = ' 
Recall that p : S Ñ S is the morphism to its coarse moduli space. We have:
From Definition 2.16 and the definition of the rank in (3) of Remark 2.17, since E´1 and K S all have rank one, µ Ξ (K S ) and µ Ξ (E´1) can be calculated by the modified degree of p˚K S = p˚(O S (C)) = O S (C) = K S and p˚E´1. We have
Since for 1 ď i ď r´1,
), (4.1.3) and (4.1.4) actually determine the modified degree of p˚K S and p˚E´1 respectively. We calculate and get:
The only line bundle L on S that 0 ď deg(L) ď 1 2 deg(K S ) is the trivial line bundle. Then the determinant of the rank one sheaf p˚E´1 must be trivial. From [10] , any line bundle on S is a tensor product of a pullback line bundle from S and a power of the tautological line bundle O S (C 1 r ) and the pushforward p˚O S (C 1 r ) = 0. Then the determinant of the rank one sheaf E´1 must be the trivial sheaf O S . Another way to see this is from the pushforward functor p˚, which is exact and p˚O S = O S , we conclude the determinant of the rank one sheaf E´1 must be the trivial sheaf O S .
Therefore we have:
E 0 = I 0 b K S , E´1 = I 1 b t´1 for some ideal sheaves I i . The morphism I 0 Ñ I 1 is nonzero, so we must have:
So there exist Z 1 Ď Z 0 two zero-dimensional subsheaves parametrized by I 0 Ď I 1 .
Components in terms of K-group class.
Let K 0 (S) be the Grothendieck K-group of S, and we want to use Hilbert scheme on S parametrized by K-group classes. We fix the filtration
is the subgroup of K 0 (S) such that the support of the elements in F i K 0 (S) has dimension ď i. The orbifold Chern character morphism is defined by:
where HC R (S, Q) is the Chen-Ruan cohomology of S. The inertia stack
i=1 C i where each C i = C is the stacky divisor of S. We should understand that the inertia stack is indexed by the element g P µ r , S g -C is the component corresponding to g. It is clear that S 1 = S and S g = C if g ‰ 1. Let ζ P µ r be the generator of µ r . Then
, where C i corresponds to the element ζ i . The cohomology of H˚(C i ) is isomorphic to H˚(C). For any coherent sheaf E, the restriction of E to every C i has a µ r -action such that it acts by e 2πi f i r , and we let
Ch(E) = (rk(E), c 1 (E), c 2 (E)) P H˚(S), and 
Ch(E|
C i ) = e
E| C i ) P H˚(C).
In order to write down the generating function later. We introduce some notations. We roughly write
where Ă Ch g (E) is the component in H˚(S g ) as in (4.1.6). Then define:
The k is called the codegree in [13] . In our inertia stack S g is either the whole S, or C, therefore if we have a rank 2 C˚-fixed Higgs pair (E, φ) with fixed c 1 (E) = c 1 (S), then Ă Ch g 2 (E) = 2, the rank; while
Also we have 
S). Then (1) If c 2 (E) ă 0, then the C˚-fixed locus is empty by the assumption of Bogomolov inequality. (2) If c 2 (E) ě 0, then
is the nested Hilbert scheme of zero-dimensional substacks of S:
Proof. We only need to prove (1). The Bogomolov inequality holds for root gerbes over schemes, see [22] . Since the slope semistability of the sheave E for S corresponds to parabolic semistability for the corresponding parabolic sheaf Eå s in [40] , [2, Theorem 7.1] has proved the Bogomolov inequality for parabolic sheaves. The general case is treated in [28] for surface DM stacks.
The case Z 1 = H. Therefore in this case
So the nested Hilbert scheme Hilb α,c 0´α (S) is just the Hilbert scheme Hilb c 0 (S) on S. The deformation theory of (E, φ) is given by
with C˚-action in §3 and appendix, where the Higgs field φ has weight 0. Then Hom(E, E) splits into:
and Hom(E, E b K S¨t ) splits into:
We have φ = 0 0 ι 0 , where we recall that ι : I 0 b K S Ñ O¨K S , and the map [¨, φ] between them acts by:
(b =´a gives the map on trace-free groups.) The morphism
is injective and has cokernel:
The Ext
And the Ext Proof. The proof is the same as in Lemma 8.7 [53] , and ιs lies in H 1 (K S ) which is zero since h 1 (O S ) = 0, which is from h 1 (O S ) = 0 and p˚O S = O S .
Deformation theory.
be the cone, and let T i be the cohomology of the cone (4.1.8). Then we have the following exact sequence of cohomology:
We know that the first morphism [¨, φ] is injective, so T 0 = 0. By Serre duality, the third [¨, φ] is surjective, so T 3 = 0. Therefore we have: (4.1.9)
and its Serre dual for T 2 : (4.1.10)
4.1.5. Virtual cycle. We can see that the fixed weight zero part of T 1 is T Z 0 Hilb c 0 (S). The weight 1 part of T 1 is putting together of
; and H 1 (I 0 K S ).
These data put together to give Γ(K S | Z 0 ). The proof is the same as in [53, §8.2].
Here we only explain a bit from the exact sequence
Tensoring with K S we get
and taking cohomology
Consider the following diagram:
where Z c 0 (S) is the universal zero dimensional substack in S with K-group class c 0 . Let S )˚. Then the virtual cycle on M (2) inherited from [12] is the Euler class of the obstruction bundle
Let us look at the canonical line bundle K S which is O S (C). There is a section s of K S cutting out of the curve C. (2) is the same as in [53, §8.3] , which is given by the moving part of (4.1.10):
at Z 0 P M (2) . Then we calculate the virtual normal bundle N vir by noting that
and N vir is:
Since C Ñ C is a µ r -gerbe, we can just write the Hilbert scheme C [c 0 ] as C [n] for some integer n P Z ě0 . So we calculate the virtual Euler class: 
4.1.7.
The Hilbert scheme of points on gerby curves. Before calculating further for the integral, we prove several statements of Hilbert scheme of points on the µ r -gerby curve C Ñ C. ρ := Hilb n (C) ρ is a (µ r ) n -gerbe over the Hilbert scheme of n-points C [n] on C, and we denote by
the structure morphism.
Proof. Although p : C Ñ C may not be a trivial µ r -gerbe, but locally it is always true. Since we don't need to care about the gerbe structure of C [n] , we assume that p : C Ñ C is a trivial µ r -gerbe. Thus we write C = [C/µ r ], where µ r acts trivially. Let S n be the symmetric group, and (µ r ) n the n-fold product, one has an exact sequence
where (µ r ) n ⋊ S n is the semiproduct of S n by (µ r ) n . The Hilbert scheme C [n] is the symmetric product C n /S n . Hence the Hilbert scheme C [n] can be taken as the 
Proof. Consider the following commutative diagram:
are the universal Hilbert schemes respectively. Therefore we calculate
where (p [n] )˚(p [n] )˚= id is from the gerby property.
Calculations via tautological classes.
From Proposition 4.6 and Proposition 4.7, one can use the calculation for the Hilbert scheme of points on C in [53, §8.4] to calculate the integral on the Hilbert scheme of points on the gerby curve C. Let us first review the tautological classes on C [n] for the smooth curve C. Let
is a smooth divisor given by Z Þ Ñ Z + x for a base point x P C, and PD represents the Poincare dual. The second one is given by the Abel-Jacobi map:
Since tensoring with power of O(x) makes the Pic n (C) isomorphic for all n, the pullback of the theta divisor from Pic g´1 (C) gives a cohomology class
Still let θ to denote its pullback AJ˚θ, so
which is the second tautological class. The basic property ([3, §I.5]) is:
(4.1.14)
is a (µ r ) n -gerbe, these two formula can be proved using the same method as in [3, §2, VIII] by applying the orbifold GrothendieckRiemann-Roch theorem. Or one can directly use Proposition 4.7.
Thus
Right side of (4.1.13) = 
Now we use (4.1.14) and Proposition 4.6 to get ż
Hence whenever we have
in the integrand involving only power of ω we can replace it by g i (r n ω) n´i . Therefore for α a power series of ω,
When we do the integration against C [n] , " becomes equality, and (4.1.15) is:
4.1.9. Writing the generating function. We introduce variables q to keep track of the second Chern class c 2 (E) of the torsion free sheaf E, q 1 ,¨¨¨, q r´1 to keep track of the classes n i = c 1 ( [27] . We will see that the variables q 1 ,¨¨¨, q r´1 will keep track of the parabolic degree of the sheaf E on the curve C Ă S.
Remark 4.9. Since the moduli of stable Higgs pairs on S is isomorphic to the moduli space of parabolic Higgs pairs on (S, C), see
For simplicity, we deal with the case q 1 =¨¨¨= q r´1 = 1 in this paper. So
Since C [n] has dimension n, the integrand in (4.1.19) only involves the power of ω, and ż
Then we perform the same careful Contour integral calculations as in [53, §8.5] by using [52, §6.3] . Introduce the sum series
Then (4.1.18) is just the diagonal part of (4.1.19). Summing over n on (4.1.19) gives
Using the fact ş C [i] ω j = δ ij , by replacing ω to x, the above sum is: (1´x 2 ) g¨1´x 1´x´t(x 2´x´2 ) .
To find the diagonal of (4.1.17), let t = q/x, and consider the integral 1 2πi
around a loop containing only those poles which tend to zero as q Ñ 0. So (4.1.18), hence (4.1.17) is the residue of
at the root
1+q is the other root. Then the same calculation as in [53, $ 8.5] gives the following result: 
where A := (´2) dim¨(´2 ) 2g´1 .
Quintic surfaces with ADE singularities.
In this section we consider the quintic surface S with isolated ADE singularities as in §2.1.2. We take S as a surface DM stack. From [18] , the coarse moduli space of the DM stack S lies in the component of smooth quintic surfaces in the moduli space of general type surfaces with topological invariants in (4.1.1). This means that there exists a deformation family such that the smooth quintic surfaces can be deformed to quintic surfaces with ADE singularities. Let us fix a quintic surface S, with P 1 ,¨¨¨, P s P S the isolated singular points with ADE type. Let G 1 ,¨¨¨, G s be the local ADE finite group in SU(2) corresponding to P 1 ,¨¨¨, P s P S. We use the notation |G i | to represent the set of conjugacy classes for G i .
From [18] , the canonical sheaf K S has no base point, therefore it is a line bundle over S which is the canonical line bundle. All the theory we constructed works for S. Still let X = Tot(K S ) be the total space of K S , which is a Calabi-Yau smooth DM stack. Choose a generating sheaf Ξ on S such that it contains all the irreducible representations of the local group G i of P i . Fix a K-group class c P K 0 (S) (determining a Hilbert polynomial H), and let N be the moduli space of stable Higgs pairs with K-group class c. We work on the Vafa-Witten invariants VW for the moduli space N K c of stable fixed determinant K S and trace-free Higgs pairs with K-group class c. Proof. The argument of inequality (4.1.2) is the same as in the root stack case. Since the choice of the generating sheaf Ξ = À N´1 j=0 O S (j), we will see that the modified Hilbert polynomials
will the same as H(E, m) for sufficiently large m for any E. So this is reduced to the generating sheaf Ξ = O S case. So the result is true from the arguments as in [53, §8] .
Therefore we have E 0 = I 0 b K S , and E´1 = I 1 b t´1 for some ideal sheaves I i and t is the standard one dimensional representation of C˚. The morphism I 0 Ñ I 1 is nonzero, therefore must satisfies I 0 Ď I 1 . There exist two zero dimensional substacks parametrized by I 0 Ď I 1 .
The inertia stack IS is indexed by the element g i P |G i |, S g i = BG i is the component corresponding to g i . Then
The cohomology of H˚(BG i ) is isomorphic to H˚(pt).
The orbifold Chern character morphism is defined by:
where HC R (S, Q) is the Chen-Ruan cohomology of S. For any coherent sheaf E, the restriction of E to every S g i = BG i has a G i -action such that it acts by e 
Then if we have a rank 2 C˚-fixed Higgs pair (E, φ) with fixed c 1 (E) =´c 1 (S),
(E) = 2 only when g i = 1, the rank;
only when g i = 1, and
Therefore we have a similar proposition as in Proposition (4. 
Proof. This case of the Bogomolov inequality is treated in [28] .
All the statement in (4.1.3) works for this S, until Formula (4.1.11)
There is a section s of K S cutting out of a smooth curve C and g := g C = 6 as in (4.1.1). Also fixing c 0 P K 0 (S) means that the second Chern class c 2 = n is fixed. 
The arguments of virtual normal bundle is similar as in (4.1.3), and we also have
. As in §4.1.9, we still use variables q to keep track of the second Chern class c 2 (E) of the torsion free sheaf E, q 1 
One vertical term.
We perform one more step to calculate one vertical term as in [53] , and explain this time it will not give the same invariants as in the smooth case. This case is that and
where Z Ă S is a zero dimensional substack with K-group class c 0 . We use the same arguments as in [53, §8.7] for the torsion sheaf E φ on X , which is the twist (4.2.8)
by π˚K S . Look at the following exact sequence:
The second arrow is zero since the section O(2S) cutting out 2S Ă X annihilates F Z . So by adjunction and the formula π˚F Z = I Z ' I Z b K´1 S¨t´1 , we have
We calculate the perfect obstruction theory
which comes from taking trace-free parts of the first and last terms and we have Hom K = Ext 3 K = 0. We have:
The obstruction Ext Then the virtual normal bundle is:
It is quite complicated to integrate to equivariant Chern class on Hilb c 0 (S), but we can do an easy case. Let (S, P) be a quintic surface with only a singular point P P S with A 1 -type singularity. By choosing a constant modified Hilbert polynomial 1 on S such that under the orbifold Chern character morphism:
the class 1 Þ Ñ (1, 1) where the second 1 means the trivial one dimensional µ 2 -representation. Then in this case the Hilbert scheme Hilb 1 (S) = pt which is a point. This can be seen as follows. Around the singular point P, there is an open affine neighborhood P P U Ă S such that
where ζ P µ 2 acts on C 2 by ζ¨(x, y) = (ζx, ζ´1y).
The Hilbert scheme of one point on P P U corresponds to invariant µ 2 -representation of length 1, which must be trivial. Then integration in this case must be: ż
Next we perform a degree two calculation. Let 2 be a constant modified Hilbert polynomial on S such that under the orbifold Chern character morphism:
where the second 2 means the regular two dimensional µ 2 -representation. Then in this case the Hilbert scheme
is the crepant resolution of the coarse moduli space S of S. Then r S is still a smooth surface. Then the integration in this case can be written as:
Only the t 0 term contributes and we let t = 1, and get
We use the same formula for the Chern classes:
and have
2 ).
Comparison with the Euler characteristic of the Hilbert scheme of points.
Let S be a surface with finite ADE singularities P 1 ,¨¨¨, P s . The generating function of the Hilbert schemes of points on S has been studied in [17] , [57] . Let us recall the formula for the surface S with A n singularities from [57] . Let P 1 ,¨¨¨, P s have singularity type A n 1 ,¨¨¨, A n s . Let S Ñ S be the map to its coarse moduli space and σ : r S Ñ S be the minimal resolution. Toda used wall crossing formula to calculate that
where η(q) = q 1 24 ś ně1 (1´q n ) is the Dedekind eta function, and
The series Θ n (q) is a Q-linear combination of the theta series determined by some integer valued positive definite quadratic forms on Z n and Θ n (q) is a modular form of weight n/2. So the generating series (4.2.12) is a Fourier development of a meromorphic modular form of weight´χ(S)/2 for some congruence subgroup in SL 2 (Z). So this implies that it should be related to the S-duality conjecture for such surface DM stacks S. But the Euler characteristic of Hilb n (S) is not the same as the contribution of it to the Vafa-Witten invariants VW(S), which is the integration over its virtual fundamental cycle in (4.2.6). 
This was the reason why [53] , [54] since the resolution of the type ADE singularities does not affect the canonical divisor, see [48] . So f is a crepant resolution. Look at the following diagram:
It is interesting to compare the Vafa-Witten invariants of r S and the Vafa-Witten invariants of S.
Let us fix topological data (rk, r c 1 , r c 2 ) for r S and let N (rk,r c 1 ,r c 2 ) ( r S) be the moduli space of stable Higgs pairs with topology data (rk, r c 1 , r c 2 ) . Similarly, fixing a Kgroup class c P K 0 (S), and let N c (S) be the moduli space of stable Higgs pairs with K-group class c. Recall from §3. In this appendix we collect some basic materials for the perfect obstruction theory on the moduli space of Higgs pairs for surface DM stacks S. Our main reference is Sections 3, 5 of [53] . For the perfect obstruction theory and symmetric obstruction theory we use the intrinsic normal cones in [5] , [4] . Since [5] deals with DM stacks, it is reasonable that the construction of perfect obstruction theory on the Higgs pairs works for DM stacks.
A.1. The perfect obstruction theory for U(rk)-invariants. First for the moduli spaces N and M , we have the exact sequence for the full cotangent complexes:
A.1.1. Atiyah class and obstruction theory. We recall the Atiyah class for a coherent sheaf F on a B-DM stack Z. Let
be the trivial square-zero thickening of Z by F . Here O Z ' F is a O Z -algebra and the product is given by
There is a C˚-action fixing O Z and have weight one on F . Then we have an exact triangle of C˚-equivariant cotangent complexes:
Applying q˚and taking the weight one part is an exact functor. We use the last two terms of (A.1.1) and apply q˚to get:
and this belongs to Ext 1 (F , L Z /B ). We call this morphism the "Atiyah class" of F . Apply the Atiyah class construction to the universal sheaf E on NˆB X we get
(ignoring the pullbacks), we project it to the first summand and get the partial Atiyah class
Similarly, for E on NˆB S we do:
Same proof as in [53, Proposition 3.5] gives:
is (A.1.4). 
is an obstruction theory. Behrend-Fantechi's construction is for DM stacks, therefore if working locally inétale topology, the arguments in [53, Theorem 3.11] works for DM stacks. Let T be a B-scheme and T Ă T a square zero extension with ideal sheaf I and I 2 = 0. Let g : T Ñ N be a morphism. Then the pullback of (A.1.6) is: which is the Kodaira-Spencer class. Compose these three morphisms we get an element ob P Ext´1 T (g˚RH om p X (E , E ), I). To check Condition (3) in Theorem 4.5 of [5] , we need to show that ob vanishes if and only if there exists an extension T of T and a map of g is B-morphism; and also when ob = 0 the set of extensions is a torsor under Ext´2 T (g˚RH om p X (E , E ), I). This is from the proof of the second half of [53 is perfect of amplitude [1, 2] . Then the obstruction theory (A.1.6) factors through these two truncations and give rise to the relative perfect obstruction theory (A.1.7). It is symmetric since it is self-dual from Proposition 3.1.
A.2. Deformation of Higgs fields.
We mimic the construction in [53, §5] to fix the determinant of E in (E, φ), and make φ trace-free. This corresponds to the SU(rk)-Higgs bundles in Gauge theory. Since almost all the construction works for DM stacks, we only review the essential steps and leave its details to [53, §5] . From the appendix,
is At E,N . We have the following commutative diagram: 
We think of the right hand side vertical arrow as the projection of At E ,N from L N to L N /M .
A.2.1. Deformation of quotient π˚E Ñ E . Fro the morphism Π : N Ñ M , the fibre over any E P M is the space of Higgs fields φ, and we can take E φ as the quotient: π˚E Ñ E φ Ñ 0 as in (3.0.1). So N /M is part of Quot scheme of π˚E. From exact sequence (3. is an embedding, since π˚E Ñ E is a quotient with ideal π˚E bK´1 S . We have the commutative diagram of exact triangles: (A.2.4)
on NˆX [E ]. Taking the degree 1 part and pushdown to NˆX we get the right square of the above diagram
The reduced Atiyah class of the quotient π˚E Ñ E is given by the bottom arrow above:
(A.2.5) At So there will have a relative perfect obstruction theory by putting these local deformations and obstructions together:
We argue as in [53, §5] In [53, §5] the authors check that these two obstruction theories are the same in three steps. First restrict the moduli space M to a point E, where the moduli space of Higgs fields φ on E is the linear vector space H := Hom(E, E b K S )
i.e., the tangent space at a point φ P H, as a linear space and as a space of quotients Hom(π˚(E b K´1 S ), E ) are the same. This case works for surface DM stacks, since one can always pick up a geometric point E in the moduli space.
Next we check the two obstruction theories for Higgs bundles on S. So let M be the moduli space of vector bundles on S, where we shrink M if necessary to achieve this. Let E be the universal bundle on MˆS and let Proof. This is from (A.2.9).
[59] C. 
